We consider a system of n algebraic equations P 1 = · · · = P n = 0 in the space (C/0) n . It is assumed that the Newton polytopes of the equations are in a sufficiently general position with respect to one another. Let ω be any rational nform which is regular on (C \ 0) n outside the hypersurface P 1 . . . P n = 0. Formerly we have announced an explicit formula for the sum of the Grothendieck residues of the form ω at all roots of the system of equations. In the present paper this formula is proved.
1. Statements of the results and applications 1.1. The Grothendieck residue. Recall the definition of the Grothendieck residue. Let a point z be an isolated solution of a system of analytic equations P 1 = · · · = P n = 0 on an n-dimensional complex analytic variety M n . Let us define the Grothendieck cycle γ z in n-dimensional homology of the complement (U \ Γ) of a small neighborhood U of the point z to the hypersurface Γ defined by the equation P = P 1 . . . P n = 0. For almost all points ∈ R n + , = ( 1 , . . . , n ), the set γ z, defined by the system of equations |P 1 | = 1 , . . . , |P n | = n is a smooth real submanifold in U . For small, all components i being positive, the manifold γ z, is a compact submanifold of U \ Γ. Define an orientation on the manifold γ z, by means of the form d(arg P 1 ) ∧ · · · ∧ d(arg P n ). This orientation depends on the choice of order of the equations P 1 = 0, . . . , P n = 0. Let us call by the Grothendieck cycle γ z related to the root z of the system of equations P 1 = 0, . . . , P n = 0 the oriented manifold γ z, for sufficiently small . The homology class of the Grothendieck cycle in the set U \ Γ does not depend on the choice of (but does depend on order of the equations P 1 = 0, . . . , P n = 0).
The Grothendieck residue at the root z of the system of equations P 1 = · · · = P n = 0 of n-form α holomorphic on the complement to the hypersurface Γ is defined as the number 1 (2πi) n γz α, where the integral of the form α is taken over the Grothendieck cycle γ z .
The Grotendeick residue is defined correctly, because a holomorphic n-form is automatically closed and its integrals over homologous cycles are equal.
1.2. The combinatorial coefficients. Let ∆ 1 , . . . , ∆ n be convex polytopes in R n , and let ∆ be their Minkowski sum. Each face of the polytope ∆ is a sum of faces of the polytopes ∆ i . Let us call a face Γ locked if among its summands there is at least one vertex. Let us call a vertex A ∈ ∆ critical if all faces adjacent to it are locked.
Consider a continuous map F : ∆ → R n , F = (f 1 , . . . , f n ), whose each component f i is nonnegative and vanishes on exactly those faces Γ = Γ 1 + · · · + Γ n for which the summand Γ i is a point, a vertex of the polytope Γ i . The restriction F of the map F to the boundary ∂∆ of the polytope ∆ sends a neighborhood of a critical vertex to a neighborhood of the zero point on the boundary ∂R n + of the positive octant.
Let us call by the combinatorial coefficient k A of a critical vertex A ∈ ∆ the local degree of the germ of the map F : (∂∆, A) → (∂R n + , 0). The coefficient k A does not depend on the choice of a map F and depends only on the choice of orientations of the polytope ∆ and the positive octant R n + . Let us call an n-tuple of polytopes ∆ 1 , . . . , ∆ n unfolded if all the faces of the sum polytope ∆ are locked. Almost all n-tuples of polytopes in R n are unfolded. For an unfolded n-tuple of polytopes, each vertex of the polytope ∆ is critical.
Orientations.
The sign of the form ω depends on the choice of order of the independent variables z 1 , . . . , z n . The choice of this order yields also an orientation of the space R n containing the lattice of monomials z a and the Newton polytope ∆ = ∆ 1 + · · · + ∆ n . The orientation of the Newton polytope ∆ appearing in the definition of the combinatorial coefficient is induced from the orientation of R n . The choice of order of the equations P 1 = 0, . . . , P n = 0 yields an orientation of the Grothendieck cycle and hence the sign of the Grothendieck residue. The choice of order of the equations P 1 = 0, . . . , P n = 0 (or their Newton polytopes ∆ 1 , . . . , ∆ n ) yields also an orientation of the space R n + appearing in the definition of the combinatorial coefficient.
Let us choose order of the independent variables and order of the equations in an arbitrary way. The sign of the form ω, the sign of the Grothendieck residue, and the signs of the combinatorial coefficients are defined by this choice.
1.4. The residue of a form at a vertex of the polytope. For each vertex A of the Newton polytope ∆(P ) of a Laurent polynomial P , let us construct the Laurent series of the function Q/P , where Q is an arbitrary Laurent polynomial.
The monomial corresponding to the vertex A of the polytope ∆(P ) occurs in P with some nonzero coefficient q A , and hence the constant term of the Laurent polynomial P = P/(q A z a ) equals one. Let us define the Laurent series of 1/ P by the formula 1/ P = 1 + (1 − P ) + (1 − P ) 2 + . . . . Each monomial z b has a nonzero coefficient in only a finite number of summands (1 − P ) k . Therefore the coefficient of each monomial z b in this series is defined correctly. Let us call the formal product of the obtained series with the Laurent polynomial q A · z a · Q the Laurent series of the rational function Q/P at the vertex A of the Newton polytope ∆(P ).
By the residue res A ω of a rational form ω = A and the coefficients of the Laurent polynomial P and Q.
Main theorem.
The main theorem. The sum of the Grothendieck residues of the form The signs of the quantities appearing in the main theorem depend on the choice of order of the independent variables z 1 , . . . , z n and on the choice of order of the equations P 1 = 0, . . . , P n = 0. In the statement of the main theorem, orders of the independent variables and of the equations are fixed in an arbitrary way. A change of order of the independent variables yields a change of the sign of the form ω and hence a change of the signs of all Grothendieck residues. Simultaneously, the signs of all combinatorial coefficients change also. A change of order of the equations also simultaneously changes the signs of all Grothendieck residues and all combinatorial coefficients.
The proof of the main theorem (see 4.3) uses the technique of toric compactifications [2] and is based on the topological theorem stated in 1.10. 
The corollary follows immediately from the main theorem, since the Grothendieck residue of the form ω at a root z equals R(z)µ(z). Homothetically increasing the polytopes ∆ 1 , . . . , ∆ n , one can assume that their vertices be integral. For polytopes with integral vertices, the theorem follows by comparing the Bernstein formula for the number of roots of a system of equations [3] with the corollary from 1.6 for R ≡ 1.
1.
8. An application to the theory of elimination. The corollary from 1.6 allows one to construct an explicit theory of elimination for a system of equations in (C \ 0) n with unfolded Newton polytopes. For example, let us explain how to obtain an equation for the first coordinate z 1 of the roots of the system. To this end, it suffices to calculate the sums R(z)µ(z) for polynomials R equal to 1, 
Let ξ = (ξ 1 , . . . , ξ n ) be an integral covector such that the maximum of the linear function ξ, x is achieved at the vertex A of the polytope ∆. Consider the one-parametric group λ(t) = (t ξ1 , . . . , t ξn ). Let us act by this one-parametric group on the torus T n . For the absolute value of t sufficiently large, the cycle λ(t)T n does not intersect the hypersurface Γ. Denote this cycle by T A . It is easy to check that the homology class of the cycle T A in (C \ 0) n is defined correctly, i. e., does not depend on the choice of an integral covector ξ and the parameter t, provided |t| is sufficiently large.
1.10. A topological theorem. Let ∆ 1 , . . . , ∆ n be an unfolded n-tuple of polytopes in R n , and let P 1 , . . . , P n be Laurent polynomials with the Newton polytopes ∆ 1 , . . . , ∆ n . Denote by Γ the hypersurface in (C \ 0) n given by the equation P = 0.
Theorem. In the complement (C\0)
n \Γ of the torus to the hypersurface Γ, the sum of the Grothendieck cycles γ z over all roots z of the system P 1 = · · · = P n = 0 is homologous to the cycle (−1)
, where the summation is taken over all vertices A of the polytope ∆, and k A is the combinatorial coefficient of the polytopes ∆ 1 , . . . , ∆ n at the vertex A.
1.11. Remarks. In the paper [1] published 7 years ago, we have announced a more general theorem on sum of Grothendieck residues. Approximately at the same time we have prepared a text with proofs. A. G. Khovanskii delivered lectures on this subject at many universities. However, our text has not been submitted to a journal, and the proof has not been published. The proof of the more general theorem, including simultaneously toric, affine and local cases, turned out rather cumbersome. It obscured simple arguments necessary for the proof of the result in the toric case, with which we started and with which most of applications are concerned. In this paper we consider the toric case separately. More cumbersome general case is considered similarly. We intend to return to it later.
Since that time new results were obtained. In the paper [4] the product in the group (C \ 0)
n of all roots of a system of equations P 1 = · · · = P n = 0 with sufficiently general Newton polytopes is calculated. The formula for the product of roots uses Parshin symbols and surprisingly resembles the new formula for the mixed volume from 1.7. The new formula for the mixed volume can be proved geometrically and without the assumption of rationality of the vertices. Under some additional restrictions, such a proof was given in [5] , and in the general case in [4] .
Why the formula for the product of roots from [4] so much resembles the formula for the mixed volume? In [6] the answer to this question is given. That paper contains a simple construction of the cohomology class responsible for Parshin symbols. After that, the formula for the product of roots is proved by the reference to the topological theorem from 1.10. I. A. Soprunov (A. G. Khovanskii's graduate student) has proved the formula for the sum of Grothendieck residues and the formula for the product of roots using Parshin's reciprocity laws. His paper is in preparation.
1.12. Arrangement of the material. In section 2 some local characteristic classes are introduced and global relations between them are proved. In section 3, we show that the Grothendieck cycles and combinatorial coefficients are described via these local characteristic classes. In the same section 3, we compute local characteristic classes related to affine toric varieties. In section 4, the situation is described arising after the natural toric compactification of the group (C \ 0) n and the hypersurfaces P i = 0 lying in this group. Due to the condition of unfoldedness of the Newton polytopes ∆ 1 , . . . , ∆ n , the points at infinity added in compactification of the group (C \ 0) n can be covered by nice closed sets invariant with respect to (C\0) n . In 4.2, using, in this situation, global relations between local characteristic classes from section 2 and computation of these classes from section 3, we obtain the topological theorem from 1.10. In 4.3, using the topological theorem from 1.10 and the Stokes formula, we prove the main theorem from 1.5. General theorems of smooth topology [7] imply that the homology class of the characteristic cycle C a in the set X \ Y is defined correctly, i.e., depends neither on the choice of a lining map F nor on the choice of a sufficiently small regular value c.
Let us consider one particular case more closely. Let the number n of sets in a covering Y 1 , . . . , Y n of a closed set Y be equal to the dimension n of the manifold X \ Y , and let the manifold X \ Y be connected. In this case, the group H 0 (X \ Y ) is one-dimensional.
The characteristic class of the covering Y 1 , . . . , Y n of the set Y is an element of the one-dimensional group H 0 (X \ Y ), i.e., equals k a e, where k a is an integer and e is the generator of the group. ≤ x 1 ≤ 1, . . . , 0 ≤ x n ≤ 1. By general theorems of smooth topology [7] the preimages of two regular values of the map F in the cube I n are homologous to each other in the manifold X \ Y . This implies theorem 2. Indeed, the preimage of a regular value close to zero is the sum of local characteristic cycles C z in the manifold X \ Y over all singular points z of the n-tuple of sets Z 1 , . . . , Z n . The preimage of a regular value close to the vertex (1, . . . , 1) is the sum of local characteristic cycles C w over all singular points w of the n-tuple of sets W 1 , . . . , W n with the coefficient (−1) n . Indeed, the central symmetry τ of the cube I n with respect to its center Proof. Indeed, a lining map F : X → R n + for the n-tuple of hypersurfaces Y 1 , . . . , Y n can be chosen in the form F = (|P 1 |, . . . , |P n |). Both the Grothendieck cycle and the characteristic class of the covering can be given by the equations |P 1 | = 1 , . . . , |P n | = n . In general, the orientation of the characteristic cycle of the covering differs from the orientation of the Grothendieck cycle: the form d(arg P 1 )∧ · · ·∧d(arg P n )∧d|P 1 |∧· · ·∧d|P n | yields an orientation of the complex variety, which in general differs from the standard one. To obtain the standard orientation of the complex variety, this form should be multiplied by (−1) n(n+1)/2 .
3.2.
The combinatorial coefficient of a covering of the boundary of a cone. An n-dimensional convex polyhedral cone X in R n is called sharpened if it does not contain any affine subspace of positive dimension in R n . A sharpened cone has the unique vertice which we denote by A. The proof of the statement follows from comparing the definitions. n . The point a has arbitrarily small neighborhoods U a such that the sets (X \ Y ) ∩ U a are homeomorphic to (C\0) n . The n-dimensional homology group of the complex torus (C\0) n is one-dimensional and has a unique generator; as this generator one can take the real torus T n defined by the equalities |z 1 | = · · · = |z n | = 1 whose orientation is given by the form ω = . . . , Y n ). For statement of the answer we need some facts from theory of toric varietes [8] , [9] . An affine toric variety X corresponds to an n-dimansional sharpened cone in the real vector space spanned by the characters of the group (C \ 0) n . Denote this cone by X σ . The faces of the cone X σ are in one-to-one correspondence with the orbits of the toric variety X, so that a k-dimensional face corresponds to an orbit of complex dimension k. The cone is sharpened, because the affine toric variety X contains the zero dimensional orbit a.
By assumption each of the closed sets Y 1 , . . . , Y n is a union of orbits. Hence the set Y i corresponds to certain union of faces of X σ which we denote by Y σ i .
the orientation given by the form
coincides with the orientation given by the form d|z 1 | ∧ · · · ∧ d|z n |. On the torus T n p i the orientation given by the form
coincides with the orientation given by the form
n(n+1)/2 from the form giving the usual orientation of the complex manifold (C \ 0) n . The lemma is proved.
Let us return to the proof of the theorem. We will need some facts from toric geometry. The affine toric variety X can be embedded into a projective toric variety M . This can be done as follows. Let X σ be the cone with the vertex A corresponding to the affine variety X. One can choose in different ways a polytope ∆ ⊂ R n with integral vertices such that: 1) one of the vertices of the polytope ∆ is the point A, 2) near the vertex A the polytope ∆ coincides with the cone X σ . The polytope ∆ corresponds in the standard way to a toric variety M ∆ (see [2] , [9] ). This variety contains the affine toric variety X. To each polytope of the type k∆, where k is a natural number, one can assign a map from the variety M ∆ to the projective space. If the number k is sufficiently large, then the corresponding map will be an embedding. Changing, if necessary, the polytope ∆ by k∆, one can assume that the map from M ∆ to the projective space corresponding to ∆ is an embedding.
There is the remarkable moment map Q : M ∆ → ∆ which maps the projective variety M ∆ onto the polytope ∆ (see [10] ).
The image under the moment map of an orbit O of the toric variety M ∆ is the interior Γ \ ∂Γ of some face Γ of the polytope ∆ (here the boundary ∂Γ is taken in the topology of the minimal affine space containing the face Γ). Moreover 
